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Single-field slow-roll inflation predicts a nearly scale-free power spectrum of perturbations, as
observed at the scales accessible to current cosmological experiments. This spectrum is slightly
red, showing a tilt (1 − ns) ∼ 0.04. A direct consequence of this tilt are nonvanishing runnings
αs = dns/d log k, and βs = dαs/d log k, which in the minimal inflationary scenario should reach
absolute values of 10−3 and 10−5, respectively. In this work we calculate how well future surveys
can measure these two runnings. We consider a Stage-4 (S4) CMB experiment and show that it
will be able to detect significant deviations from the inflationary prediction for αs, although not for
βs. Adding to the S4 CMB experiment the information from a WFIRST-like or a DESI-like survey
improves the sensitivity to the runnings by ∼ 20%, and 30%, respectively. A spectroscopic survey
with a billion objects, such as the SKA, will add enough information to the S4 measurements to allow
a detection of αs = 10−3, required to probe the single-field slow-roll inflationary paradigm. We show
that only a very-futuristic interferometer targeting the dark ages will be capable of measuring the
minimal inflationary prediction for βs. The results of other probes, such as a stochastic background
of gravitational waves observable by LIGO, the Ly-α forest, and spectral distortions, are shown for
comparison. Finally, we study the claims that large values of βs, if extrapolated to the smallest
scales, can produce primordial black holes of tens of solar masses, which we show to be easily testable
by the S4 CMB experiment.
PACS numbers:
I. INTRODUCTION
The standard model of cosmology, or ΛCDM, has had great success explaining the cosmological observables within
our reach [1, 2]. In this model the universe is flat, homogeneous, and has perturbations characterized by an almost-
scale-invariant power spectrum, arising during inflation [3–5]. This primordial power spectrum creates overdensities
that we can observe through temperature anisotropies in the cosmic microwave background (CMB) [6], through
brightness fluctuations in the 21-cm hydrogen line [7, 8], and with the cosmological large-scale structure, once these
perturbations grow nonlinear [9].
We parametrize deviations from perfect scale invariance by a few variables, which capture the change in the
shape of the power spectrum at some pivot scale k∗. The first of these numbers is the scalar tilt (1 − ns), which
expresses a offset in the power-law index, and is measured to be more than 5 standard deviations smaller than zero
[2], making the primordial scalar spectrum slightly red. In the same spirit, higher derivatives, or runnings, of the
power spectrum can be measured from cosmological data [10]. The first of these quantities is the scalar running
αs = dns/d log k, presently consistent with zero [2]. However, current Planck data seems to prefer a non-zero second
running βs ≡ dαs/d log k = 0.02± 0.01, albeit only at 2−σ [11].
In single-field slow-roll inflation scale invariance is predicted to extend over a vast range of scales [12, 13]. However,
we only have access to a small range of wavenumbers around the CMB pivot scale k∗ = 0.05 Mpc−1. The amplitude
As of the (scalar) power spectrum and its tilt ns give us information about the first two derivatives of the inflaton
potential when this scale k∗ exited the horizon during inflation. Higher-order derivatives of this potential produce
non-zero runnings, which for slow-roll inflation generically have values αs ∼ (1 − ns)2 and βs ∼ (1 − ns)3, beyond
the reach of present-day cosmological experiments [14]. In this paper we will explore how well next-generation
cosmological experiments, such as the proposed Stage-4 (S4) CMB experiment, various galaxy surveys, and different
21-cm interferometers, can measure these numbers. A detection of αs, or βs, would enable us to distinguish between
inflationary models with otherwise equal predictions, and shed light onto the scalar power spectrum over a wider k
range.
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2In the absence of any salient features in the power spectrum, such as small-scale non gaussianities, the power in
the smallest scales will be determined by the runnings of the scalar amplitude. This is of particular importance for
primordial-black-hole (PBH) production in the early universe, where a significant increase in power is required at the
scale corresponding to the PBH mass, which is of order k ∼ 105 Mpc−1 for solar-mass PBHs [15, 16]. It has been
argued that a value of the second running βs = 0.03, within 1−σ of Planck results, can generate fluctuations leading
to the formation of 30M primordial black holes if extrapolated to the smallest scales [17], which could make up the
dark matter [18].
We will show that the S4 CMB experiment will determine whether βs is high enough to produce solar-mass PBHs,
although it will not reach enough sensitivity in either αs or βs to accurately test the slow-roll inflationary prediction.
Adding galaxy-clustering measurements to the S4 CMB will enhance these measurements, with the improvement being
∼ 20% for a WFIRST-like, and ∼ 30% for a DESI-like survey, which will allow us to measure significant departures
from single-field slow-roll inflation. Moreover, a billion-object survey, such as the SKA, will add enough information
to the S4 experiment to be able to measure the running αs with 10−3 precision, enough to test the inflationary
prediction. However, we show that in order to reach the sensitivity required for a measurement of βs ∼ 10−5, a
dark-ages interferometer, with a baseline of ∼ 300 km, will be required.
This paper is structured as follows. In Sec. II we will explore what can the runnings teach us about inflationary
dynamics and PBH production, as well as review the present bounds on αs and βs. Later, in Sec. III we will forecast
the constraints on the power spectrum amplitude, tilt, and runnings from different types of experiment. We conclude
in Sec. IV.
II. MOTIVATION AND CURRENT CONSTRAINTS
During inflation, quantum fluctuations generate an almost-scale-invariant power spectrum of fluctuations. The
scalar perturbations ζk thus have a two-point function given by
〈ζkζ∗k′〉 = Pζ(k)(2pi)3δD(k+ k′), (1)
where Pζ(k) is the scalar power spectrum, for which we can define an amplitude as
log ∆2s(k) ≡ log
[
k3
2pi2
Pζ(k)
]
= logAs + (ns − 1) log
(
k
k∗
)
+
1
2
αs log
2
(
k
k∗
)
+
1
6
βs log
3
(
k
k∗
)
, (2)
where As is the scalar amplitude, ns is the scalar tilt, and αs and βs are the running and the second running,
respectively. At the pivot scale of k∗ = 0.05 Mpc−1, Planck has measured a scalar amplitude As = 2.196× 10−9, with
tilt ns = 0.9655 [13]. We will take these values, with αs = βs = 0, as our baseline. We will also assume as fiducial
ΛCDM parameters ωb = 0.02222, ωc = 0.1197, τ = 0.06, and H0 = 67.5 km/s.
The primordial perturbations ζ, generated during inflation, create matter overdensities δ ≡ ρ/ρ¯ − 1, where ρ is
the energy density and ρ¯ its spatial average. These matter perturbations source the temperature fluctuations in the
CMB and later on grow to seed the large-scale structure of the universe. In linear theory, matter and primordial
perturbations are related to each other through a transfer function T (k), which can be calculated with a Bolztmann
code like class [19] or CAMB [20], so that the matter power spectrum is
Pδ(k) = T 2(k)Pζ(k). (3)
We show the logarithmic derivative of the matter power spectrum with respect to the tilt ns, the running αs, and the
second running βs, at our fiducial values in Fig. 1. From this Figure it is clear that scales away from the pivot scale
k∗ = 0.05 Mpc−1 change the most when higher-order runnings are introduced. Note that the logarithmic derivative
with respect to the scalar amplitude As would just be a horizontal line in this plot. We also show the regular matter
power spectrum Pδ for comparison, both without any runnings and with βs = 0.03, as argued in Ref. [17] to be enough
to produce PBHs.
A. Single-Field Slow-Roll Inflation
Let us now briefly review the dynamics of single-field slow-roll (SFSR) inflation, and how the runnings change it.
In the case of inflation being driven by a single field φ under a potential V (φ), the amplitude As and tilt ns of the
310010-110-210-310-4 101 102
0.5
5
50
500
k [Mpc-1]
d
lo
g
P
δ(k)/d
X 10010-110-210-310-4 101 10210
-610-4
0.01
1
100
104
k [Mpc-1]
P
δ
(k)
ns
↵s
 s
FIG. 1: Logarithmic derivatives of the power spectrum Pδ(k), as a function of the wavenumber k in Mpc−1, with respect to the
scalar tilt ns in blue line (solid for positive and dotted for negative values), to the running αs in black long-dashed line, and the
running of the running βs in red line (dashed for positive and dash-dotted for negative values), at the ΛCDM best-fit values.
The matter power spectrum Pδ(k) is shown in the top center for comparison, where the case with no runnings corresponds to
the solid black line, and the case with βs = 0.03−the highest running allowed by Planck at 68% C.L.−to the green-dashed line.
scalar power spectrum are determined by a combination of V ′(φ∗) and V ′′(φ∗) [13], where φ∗ is the value of the field
at the pivot scale, and ′ denotes a derivative with respect to φ. The absolute magnitude of V (φ∗) is related to the
tensor-perturbation amplitude, or alternatively to its ratio r to the scalar amplitude [21, 22]. The uncertainty in
the reheating phase at the end of inflation, however, hampers a unique determination of the shape of the inflaton
potential from As, ns, and r [23–26]. The inclusion of an additional observable, such as the scalar running αs, may
help alleviate these uncertainties, as it provides information about the V ′′′(φ∗) term [27, 28]. A similar argument
applies to the second running βs with the fourth derivative of the potential. Unfortunately, in single-field slow-roll
inflation these runnings are expected to be rather small. To illustrate why, let us define the slow-roll parameters
 =
M2pl
2
(
V ′
V
)2
,
η = M2pl
V ′′
V
,
ξ2 = M4pl
V ′V ′′′
V 2
,
σ3 = M6pl
V ′2V (4)
V 3
, (4)
where Mpl = (8piG)−1/2 ≈ 2.4× 1018 GeV/c2 is the reduced Planck mass, and we have defined the third- and fourth-
order slow-roll parameters, ξ and σ respectively, to be of the same order as  and η in SFSR inflation. In this case,
both the scalar and tensor indices (denoted by nt, αt, and βt) can be found to first non-vanishing order in the slow-roll
4parameters as [29, 30]
r = 16,
1− ns = 2η − 6 nt = −2,
αs = −2ξ2 + 16η− 242 αt = 4η− 82,
βs = 2σ
3 + 2ξ2(η − 12)− 32(η2 − 6η+ 62) βt = −4ξ2 − 8
(
η2 − 7η + 82) , (5)
so for σ ∼ ξ ∼ η the prediction of single-field slow-roll inflation is αs = O[(ns − 1)2] ∼ 10−3, and βs = O[(ns − 1)3] ∼
10−5, as long as the potential does not experience a sudden change near CMB scales [10, 31–36]. In the same way
that large local non-gaussianities would rule out single-field slow-roll inflation [37, 38], a running αs much larger than
∼ 10−3 would also imply a more complex model of inflation. A similar argument holds with βs, although with a 10−5
amplitude. Furthermore, it has been argued that very-large positive values of βs & 10−2 are not possible within any
SFSR model, as they would force the inflationary era to end before the largest observable scales exited the horizon
[11, 31, 39]. Thus, PBH production with a value of the second running βs = 0.03 requires additional degrees of
freedom during inflation. In general, reaching a precision of σ(βs) . 10−2 will provide a useful test of the single-field
inflationary paradigm.
1. Gravitational Waves
From Eq. (5) it is clear that the tensor running αt is a function solely of  and η, which can be determined from the
observables ns and r. Moreover, the tensor second running βt also depends on the third-order slow-roll parameter ξ,
which can then be inferred from the scalar running αs. This allows us to write the tensor indices as a function of the
scalar ones, plus r, in the following form
nt = −r
8
,
αt =
r
64
[r + 8(ns − 1)] ,
βt = − r
256
[−32αs + r2 + 32(ns − 1)2 + 12(ns − 1)r] . (6)
For any observed value of r and ns—measured at CMB scales—we can plug in the right-hand side of Eq. (6) and find
nt and αt, which lets βt vary as a function of αs alone. Then, using the equivalent of Eq. (2) for tensor perturbations,
we can predict the gravitational-wave amplitude observed by Earth-based interferometers (see e.g. Ref. [40]). Given
the large lever-arm between these observations, performed at k = O(1015) Mpc−1, and those at CMB scales, direct-
detection searches of a gravitational-wave background can probe large and positive values of βt, as a function of
r. Therefore, they also indirectly constrain the scalar running αs. For instance, the first run (O1) of LIGO placed
a constraint on the gravitational-wave energy density of ΩGW . 5 × 10−7 at a frequency f ≈ 30 Hz [41]. This
corresponds to a constrain on βt . 2 × 10−3, for r > 10−3, or, assuming SFSR and using Eq. (6), to αs < 0.014/r.
Moreover, the O2 and O5 runs of LIGO will improve the constraints on the stochastic gravitational-wave background
to ΩGW . 5 × 10−8 and ΩGW . 5 × 10−9, respectively. This will allow LIGO to probe αs larger than 0.012/r after
O2, and 0.009/r with O5 data.
B. PBHs
A large positive value of the second running βs has consequences for primordial-black-hole (PBH) formation. There
has been recent interest in PBHs as a dark matter candidate [17, 18, 42–46], since they could explain some of the
gravitational-wave events observed by the LIGO collaboration [47].
If they are to be the dark matter, PBHs could have formed in the primordial universe from very-dense pockets of
plasma that collapsed under their own gravitational pull. The scales in which stellar-mass PBHs were formed are
orders of magnitude beyond the reach of any cosmological observable. However, if the inflationary dynamics were
fully determined by a single field, one could extract information about the potential V (φ) at the smallest scales from
V (φ∗) at the pivot scale (and its derivatives) by extrapolation.
The formation process of the PBHs is poorly understood [15], so we will not attempt to model it, and instead we
will assume that PBHs form at the scale at which ∆2s(k) becomes of order unity. It is clear that any positive running,
if not compensated by a negative running of higher order, will create enough power in some small-enough scale to have
5∆2s(k) = 1. Nonetheless, we will require that the mass of the formed PBHs is larger than ∼ 1015 gr, to prevent PBH
evaporation before z = 0, which sets a limit on the smallest scale where PBHs can form of of kpbh = 1015 Mpc−1.
We compute the αs − βs range in parameter space that produces enough power in scales k < kpbh to generate PBHs,
from Eq. (2), and show it in Fig. 5, along with the constraints from future experiments. In order to produce PBHs
of ∼ 30M, as suggested in Ref. [18] to be the dark matter, the relevant scale is k ∼ 105 Mpc−1, forcing the second
running to be as large as βs ≈ 0.03, which will be tested at high significance by the S4 CMB experiment, as well as a
DESI-like galaxy survey.
Notice that, even though there is no reason for the expansion in Eq. (2) to be truncated at second order in log(k/k∗),
the next term in the series would be a factor 4βs/[γs × log(k/k∗)] smaller, where γs ≡ dβs/d log k is the next-order
running. For γs ∼ (ns − 1)× βs, and for all scales k < kpbh that form non-evaporating PBHs, the γs term would be
at least ∼ 3 smaller than the βs term, making it subdominant in our order-of-magnitude estimate. In any case we
note that the values of βs required for PBH formation are ∼ 10−3, two orders of magnitude larger than the standard
slow-roll prediction [10].
C. Current constraints
We will now review previous constraints on the runnings and their proposed improvements.
1. Spectral Distortions
Changes in the black-body spectrum of the CMB can arise due to early energy injection, creating spectral distortions.
If observed, these spectral distortions can probe very-small scales during the post-thermalization epoch of the early
universe. The FIRAS experiment showed that the CMB behaves as a black body, constraining the spectral distortions
to be smaller than roughly one part in 105 [48]. This null detection can only be used to constrain very positive values
of the runnings, as negative values would create even less power at small scales, and hence less spectral distortions.
The upcoming PIXIE experiment will detect spectral distortions down to one part in 108, within the range of
values expected to be produced by ΛCDM [49, 50]. An improved version of PIXIE would even allow us to measure
the running with accuracy σ(αs) = 10−2 if we observe spectral distortions [39, 51], and if there is not enough power
at small scales to produce them we will be able to infer a negative running αs < 0. Similarly, PIXIE will enable
us to measure the second running with accuracy σ(βs) = 8 × 10−3 [11]. As we will see in Sec. III A, however, these
constraints are less stringent than the ones expected from S4 CMB.
2. Ly-α Forest
Observations at smaller scales than the CMB provide a longer lever arm to measure the running of the power
spectrum. Ly-α forest data can reach wavenumbers k ∼ few × Mpc−1 [52], a factor of ∼ 10 larger than the CMB.
This was used in Ref. [53] to fit for the running αs with joint Ly-α and Planck data, where it was found that αs =
−0.0152+0.0050−0.0045, roughly 3-σ below zero, and an order of magnitude larger than the single-field slow-roll prediction. In
practice, however, different systematics, such as baryonic physics [54], hinder our ability to accurately map a set of
primordial parameters to an observed Ly-α power spectrum [55]. In particular, the scalar tilt ns measured at CMB
and Ly-α scales appears to be at tension, which is argued to drive the non-zero value of the running [53].
III. FUTURE CONSTRAINTS
In this section we will forecast, via Fisher analysis, how well different observables can measure the runnings. We will
first calculate the limits that can be reached by a S4 CMB experiment in Sec. IIIA. We will then study the forecasts
from power-spectrum measurements with forthcoming galaxy surveys, centering our analysis on the planned DESI1,
WFIRST2, and the Square Kilometre Array (SKA3) in Sec. III B. Afterwards, we will perform an order-of-magnitude
1 http://desi.lbl.gov/
2 http://wfirst.gsfc.nasa.gov/
3 https://www.skatelescope.org/
6forecast with different 21-cm experiments, focusing on the proposed FFTT in Sec. III C. Finally, we will combine the
results to find the ultimate constraints in Sec. IIID.
A. CMB
The proposed S4 CMB experiment will be able to map modes up to ` ∼ 5000, both in temperature and polarization.
We will study the level of precision that this S4 CMB experiment can reach for the running αs, and the second running
βs.
1. Formalism
The CMB power spectra can be written as
CXY` = (4pi)
2
∫
dk k2T X` (k)T Y` (k)Pζ(k), (7)
where the indices X,Y = {T,E, or d} stand for temperature, E-mode polarization, and lensing potential respectively,
and T X` are their transfer functions [56–59]. These T X` do not depend on the primordial power spectrum, so the
runnings only affect the C` through the change in Pζ(k).
To forecast the errors in a set of parameters θi we define the Fisher matrix as [60–62]
Fij =
∑
`
2`+ 1
2
fskyTr
[
C−1`
∂C`
∂θi
C−1`
∂C`
∂θj
]
, (8)
where fsky is the sky-fraction covered, and the covariance matrix, ignoring E − d correlations is given by
C` =
 C˜TT` CTE` CTd`CTE` C˜EE` 0
CTd` 0 C˜
dd
`
 , (9)
and we have defined [63, 64]
C˜TT` ≡ CTT` +NTT` ,
C˜EE` ≡ CEE` +NEE` ,
C˜dd` ≡ Cdd` +Ndd` , (10)
where NXX` are the noise power spectra, given by
NTT` = ∆
2
T e
`(`+1)σ2b ,
NEE` = 2×NTT` , (11)
where ∆T is the temperature sensitivity, and σb = θFHWM/
√
8 log 2, with the full-width-half-maximum θ2FHWM given
in radians. For the lensing noise Ndd` we follow the approach in Ref. [65], where the E- and B-mode data is used to
reconstruct the lensing power spectrum, Cdd` , whose effect is then subtracted from the B-mode data. This allows us to
iteratively compute the maximum delensing possible given the S4 polarization noise, and thus forecast the sensitivity
to lensing modes [66–69]. For further details of this procedure the reader is encouraged to visit Section 7.4 in the
CMB-S4 science book [70]. For reference, the S4 lensing noise is predicted to be smaller than the signal for ` . 1000.
The specifications we use for the S4 CMB experiment follow those of Ref. [70], which has a sensitivity ∆T = 1µK-
arcmin, with a resolution of θFWHM = 3 arcmin, over 40% of the sky. To that we add Planck over an additional 20% of
the sky, and a prior on the optical depth of reionization of τ = 0.06± 0.01. The S4 experiment is expected to observe
the ` range between 30 and 5000 for polarization, although the highest modes will be noise-dominated; and between
` = 30 and 3000 for temperature, as higher multipoles would be contaminated by foregrounds. For Planck we take
two bands, corresponding to frequencies of 143 and 217 GHz, respectively, with noises ∆T = {43, 66}µK-arcmin, and
∆E = {81, 134}µK-arcmin, a resolution of θFWHM = {7, 5} arcmin and we do not include lensing data.
The parameters θi that we will forecast in this section are the six ΛCDM parameters (ωb, ωc, ns, As, τ , and H0),
plus the running αs, and the second running βs.
72. Results
We show in Fig. 2 the confidence ellipses between αs, βs, and the six ΛCDM parameters. Both runnings are mainly
degenerate with ωb, ns, and As. Moreover, αs and βs are also correlated, which is to be expected, since both αs and
βs increase the power at k > k∗, or ` & 500, where a great part of the CMB information comes from. We show the
forecast uncertainties for these parameters in Table I. In this table we show the minimum αs that could be measured
by a S4 CMB experiment (marginalizing over ΛCDM parameters but setting βs = 0), which is σ(αs) = 0.0025,
enough to detect significant departures from slow-roll single-field inflation, albeit not sufficient to detect the slow-roll
prediction αs ≈ 10−3. Meanwhile, the 1−σ C.L. on βs (marginalizing over ΛCDM+αs) will be σ(βs) = 0.0045. This
will shed light on the claimed detection of a non-zero second running βs = 0.02±0.01 [11], and will have the power to
test whether primordial black holes with tens of solar masses are formed from a positive second running. From these
results we find that the S4 experiment alone will not suffice to determine the dynamics of inflation. Similar results
have been forecasted for the proposed COrE satellite [71].
As an additional test we have studied the correlation between both the running αs, and the second running βs, and
the neutrino mass mν for the S4 experiment. We find a correlation, defined as rij ≡ Cij/
√
CiiCjj , with C ≡ F−1, of
rαs,mν = −0.24 between the neutrino mass and the running, and rβs,mν = −0.23 between the neutrino mass and the
second running. Marginalizing over mν in addition to the other ΛCDM parameters worsens the sensitivity of the S4
CMB experiment to the runnings at percent level, which justifies neglecting the effects of the mass of the neutrinos
in our forecasts.
Model σ (ωb) σ (ωc) σ (ns) σ (As) σ (τ) σ (H0) σ (αs) σ (βs)
ΛCDM+αs 3.4 ×10−5 6.0 ×10−4 2.2 ×10−3 2.1 ×10−11 0.0055 0.23 0.0025 −
ΛCDM+αs+βs 3.5 ×10−5 7.0 ×10−4 2.7 ×10−3 2.1 ×10−11 0.0056 0.27 0.0026 0.0045
TABLE I: 1−σ C.L. forecast for the S4 CMB experiment. We consider the six ΛCDM parameters and αs in the first row, and
we add the second running βs in the last row.
B. Galaxy Clustering
Galaxy clustering has been used for measurements of a variety of cosmological parameters (see e.g. [72–77]). In
this section we will use the galaxy power spectrum to forecast the precision in measurements of the spectral index
and its runnings, as defined in Eq. (2), for a variety of surveys. In order to have a good understanding of the regimes
where galaxy clustering is more effective in providing these constraints, we consider a wide survey like DESI [78]
and a narrow but deep one such as the planned space telescope WFIRST [79]. We then explore what results could
be obtained by a wide and deep galaxy survey such as the Square Kilometre Array (SKA) HI spectroscopic galaxy
survey [80]. For the specifications of the surveys we follow Ref. [81] for DESI, Ref. [79] for WFIRST, and for the SKA
HI we extract our catalog from the S3-SAX part of the S3 simulation4, using a flux limit S of 1 µJy, which yields
observations of over a billion objects over 30,000 deg2 of the sky (see also Ref. [83] for more details about redshift
distributions and biases of the SKA at different flux limits).
1. Formalism
The relationship between the real-space and the measured position of a galaxy is modified in the presence of peculiar
velocities, giving rise to redshift-space distortions (RSDs). The matter overdensity in redshift space (labeled as s) can
be linked to the real space one by using the RSD operator, defined (in the plane-parallel and linear approximations)
as [84]
δs(k) =
(
1 + βµ2
)
δr(k), (12)
where δr(k) is the Fourier mode of the overdensities in real space, µ is the cosine of the angle with the line-of-sight,
β ≡ f(z)/b(z), where b(z) is the bias, and f(z) ≡ d logD/d log a is the logarithmic derivative of the growth factor.
4 http://s-cubed.physics.ox.ac.uk
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FIG. 2: Confidence ellipses for the ΛCDM parameters and αs and βs, for the S4 CMB experiment. In darker purple we show
the 68% C.L. region, and in lighter purple the 95% C.L. region.
Therefore, the redshift-space galaxy power spectrum can be written as
P sg (k, µ, z) =
[
b(z) + f(z)µ2
]2
P rm(k, z) + Pshot(z) , (13)
where P rm is the matter power spectrum in real space [85] and the shot noise contribution is the inverse of the galaxy
number density at that redshift, Pshot(z) ≡ [n¯g(z)]−1.
We limit our analysis to linear scales, but as a cautionary measure we include the Fingers-of-God effect [86]
parametrized as FoG = e−k
2µ2σ2v/H
2
0 , where σv is the velocity dispersion and is modeled as in [87]. A real data
analysis will need to take into account a variety of additional corrections, such as wide-angle effects [88–90], and
cosmic magnification [91, 92]; however none of these effects should be degenerate with modifications of the power
9spectrum spectral index or its runnings, so we will not include a detailed modeling of them.
Given the specifications of a survey, the Fisher analysis allows us to estimate the errors on the cosmological
parameters around the fiducial values. We write the Fisher matrix for the power spectrum in the following way [93]
FAB =
∫ zmax
zmin
dz
∫ kmax
kmin
dk k2
∫ +1
−1
dµ
Veff(k, µ, z)
8pi2
[
P sg (k, µ, z)
]2 ∂P sg (k, µ, z)∂ϑA ∂P
s
g (k, µ, z)
∂ϑB
Bnl , (14)
where ϑA runs over {ωb, ωc, ns, b,H0, αs, βs}, and the effective volume of the survey in the z-th redshift bin is
Veff(k, µ, z) = Vs
[
n¯g(z)P
s
g (k, µ, z)
1 + n¯g(z)P sg (k, µ, z)
]2
; (15)
Vs is the volume of the survey, and n¯g is the mean comoving number density of galaxies. The Bnl term in Eq. (14) is
given by
Bnl = e
−k2Σ2⊥−k2µ2(Σ2||−Σ2⊥), (16)
and accounts for non-linearities induced by the BAO peak [85], and Σ⊥ = Σ0D, Σ|| = Σ0(1 + f)D, where Σ0 is
a phenomenological constant describing the diffusion of the BAO peak due to nonlinear evolution. From N-body
simulations its numerical value is 12.4 h−1Mpc and depends weakly on k and cosmological parameters [94, 95].
Eq. (14) involves an integral over the wavenumber k; the largest scale that can be probed is determined by the
geometry of the survey, kmin = 2piV
−1/3
s , while we choose the smallest scale kmax to be the non-linear scale, computed
as the wavenumber for which
〈
δ2
〉
=
∫ kmax
kmin
dk k2Pδ(k, z)/(2pi
2) = 0.6, conservatively at the edge of the linear regime
[96].
2. Results
In Table II we present forecasts for the precision of measurements of the spectral index and its runnings, for the
different surveys described above, added to the Planck CMB experiment as defined in Section IIIA. We remain
conservative by marginalizing over the bias b before adding the information of our galaxy surveys to Planck. Once
we add the Fisher matrices of Planck and each survey we marginalize over the six ΛCDM parameters to forecast for
αs, and over αs as well for βs. See for example Ref. [97] for a similar analysis. From Table II it is clear that a wide
survey, like DESI, will be more successful at measuring the runnings than a deep one, like WFIRST. Moreover, either
of these surveys added to Planck will reach comparable sensitivity in αs and βs to the S4 CMB experiment alone.
However, a more futuristic billion-object galaxy survey, such as the planned SKA, would yield better precision than
S4 CMB. Moreover, multi-tracer (MT) analyses [98, 99], where one can divide the galaxy catalog into subsamples of
different populations, can potentially improve the constraints from galaxy surveys by a factor of a few, depending on
the assumptions on the number of distinguishable populations and their bias (for some first analyses using the MT
technique, see Refs. [87, 100–104]).
Experiment σ (αs) σ (βs)
Planck CMB 0.0053 0.0091
Planck+WFIRST 0.0026 0.0044
Planck+DESI 0.0023 0.0042
Planck+SKA 9.3 ×10−4 0.0020
TABLE II: 68% C.L. Uncertainties in the scalar running αs, and second running βs for the Planck experiment and different
galaxy surveys. We marginalize over the six ΛCDM parameters (plus the bias amplitude b for the galaxy surveys) when
computing σ(αs) and over αs as well for σ(βs).
We show the confidence ellipses for a DESI-like survey, as well as for a SKA-like survey, in Fig. 3, where we also
include the information from Planck. It is evident from the Figure that both the running αs and the tilt ns are
degenerate with the second running βs in these measurements.
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FIG. 3: 1− σ confidence ellipses between ns, αs, and βs for a WFIRST-like experiment in red, for a DESI-like experiment in
brown, as well as for a futuristic SKA in blue dashed. For all these surveys we add the information from Planck and marginalize
over the bias amplitude, as well as the whole set of ΛCDM parameters + αs and βs.
C. 21-cm
The CMB has allowed us to very precisely measure a narrow band of the universe at redshift z = 1100, whereas
galaxy surveys like the ones described above map the local universe up to z ∼ O(1). The region between these two
probes has very valuable cosmological information, which can be probed with the 21-cm hydrogen line [7, 8]. In this
section we will perform an order-of-magnitude forecast of the capabilities of different experiments observing the 21-cm
line. This line is emitted by neutral hydrogen when undergoing the hyperfine transition from its triplet to its singlet
ground state, and the high neutral-hydrogen cosmic abundance makes it a potentially powerful cosmological tool. We
can divide the region observable with the 21-cm line into two eras, the epoch of reionization (EoR), from z ∼ 6 to 11,
where hydrogen was heated up by astrophysical processes, and emitted in the 21-cm line; and the dark ages, ranging
from z ∼ 30 to z ∼ 100, where the hydrogen cooled adiabatically and resonantly absorbed photons from the CMB at
the 21-cm-line frequency.
Several experiments have started observing the EoR, among them the MWA5, and PAPER6, which have obtained
upper limits on the 21-cm power spectrum at z ∼ 7 [105–108]. Nonetheless, this effort will yield accurate measurements
of the neutral-hydrogen distribution during the EoR, especially as HERA7 is built and starts taking data [109]. A very
thorough forecast of the capabilities of different experiments was realized in Refs. [110, 111]. Here we will perform an
order-of-magnitude forecast including the second running βs, albeit with a much more simplistic model of the EoR.
Our simple approach shows that a measurement of βs is orders of magnitude away of all the EoR experiments, so we
believe it is not necessary to include additional modeling of the nuisance parameters during this era.
In order to reach scales beyond k ∼ 1 Mpc−1 one could observe at the dark ages, where the matter distribution of
the universe remains linear down to much smaller scales [8], enabling access to a tremendous wealth of cosmological
information. This era, however, will be extremely difficult to probe, due to the increase in Galactic synchrotron
5 http://www.mwatelescope.org/
6 http://eor.berkeley.edu/
7 http://reionization.org/
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emission at low frequencies, as well as the atmospheric absorption of radio frequencies. LOFAR8 will access the edge
of the frequency range required for this task, although it is not likely to reach enough sensitivity to observe primordial
fluctuations [112]. Instead, this will require building an interferometric array on the far side of the moon [113, 114].
The proposed DARE9 satellite will serve as a stepping stone to explore the end of the dark ages, although to constrain
the runnings to any significant level one will need a large moon-based interferometer, which we will model as different
FFTT long-baseline arrays.
1. Formalism
For a review of the physics of the 21-cm line, and its temperature fluctuations, see for example Refs. [115, 116]. At
any point in space we can calculate the difference between the 21-cm temperature T21(x) and the average temperature
T 21(z) at that redshift as ∆T21(x), and ∆T21(k) is its Fourier transform. Following the notation in Ref. [117] we
write the two-point function of 21-cm temperature fluctuations at redshift z as
〈∆T21(k)∆T21(k′)〉 ≡ P21(k, z)(2pi)3δD(k− k′), (17)
with
P21(k, z) =
[A(z) + T 21(z)µ2]2 PHI(k, z), (18)
where A(z) = dT21/dδb is a known function of z (see Refs. [117, 118] for example), µ ≡ k||/k is the cosine between the
line-of-sight k|| and k, and PHI is the power spectrum of the neutral-hydrogen density perturbations, which equals Pδ
in the scales of interest.
Given an antenna array with a baseline Dbase uniformly covered up to a fraction fcover ≤ 1, observing for a time
to, we can write the instrumental-noise power spectrum in k-space as [119, 120]
PN21(z) =
piT 2sys
tof2cover
χ2(z)yν(z)
λ2(z)
D2base
, (19)
where λ(z) is the 21-cm transition wavelength at redshift z, yν(z) = 18.5
√
(1 + z)/10 Mpc/MHz is the conversion
function from frequency ν to k||, and the system temperature Tsys is dominated by the galactic synchrotron emission,
parametrized as [121]
Tsys = 180 K×
( ν
180 MHz
)−2.6
. (20)
We take a FFTT-like experiment [120, 123], with fcover = 1 and a variable baseline Dbase, observing 2pi steradians
of the sky (so fsky = 0.5). For these experiments we will increase the pivot scale to k∗ = 0.1 Mpc−1, to help break
the degeneracy between αs and βs arising from the augmented observable k range. When combining the constraints
from 21-cm measurements with the CMB, however, we will use the results at k∗ = 0.05 Mpc−1 for compatibility.
The baseline of each array will determine the maximum perpendicular wavenumber it can observe, calculated as
kmax⊥ =
2piDbase
χ(z)λ(z)
≈ 2 Mpc
−1
(1 + z) + 1.1
√
1 + z
× Dbase
km
, (21)
although during the EoR we do not go beyond the non-linear scale kNL, which we set at 1 Mpc−1 [110]. For simplicity
we choose a matching line-of-sight resolution for the FFTT experiments to have a single maximum kmax that will vary
with Dbase, although in practice line-of-sight resolution might be easier to achieve through finer frequency binning.
We also assume that astrophysical foregrounds will cut off line-of-sight wavenumbers smaller than [122]
kmin|| ≈
2pi
yν ∆ν
, (22)
8 http://www.lofar.org/
9 http://lunar.colorado.edu/dare/
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where ∆ν is the total bandwidth probed by our experiment, and is ∆ν ≈ 30 MHz for the EoR (z = 8 − 10) and
∆ν ≈ 50 MHz for the dark ages (z = 20 − 100), which translates into a minimum wavenumber kmin|| ≈ 10−2 Mpc−1
for both eras. Our results do not depend sensitively on this cutoff, so we set both kmin|| and k
min
⊥ to kmin = 10
−2.
Similarly to the CMB, the 21-cm power spectrum P21(k) depends on the primordial parameters ns, As, αs, and
βs only through the matter power spectrum Pδ(k). Unfortunately, the redshift functions A(z) and T21(z) depend on
the rest of ΛCDM parameters. For simplicity we will perform an order-of-magnitude forecast of the errors only on
the primordial parameters, ignoring ωb, ωc, H0, and the reionization parameters. This is a vast oversimplification,
adopted because the primordial parameters should be moderately decoupled from the rest of ΛCDM. For a more
complete discussion see Ref. [110].
To forecast we separate the available comoving volume in redshift bins, chosen to be small enough that all redshift-
dependent parameters are constant within each bin. We then compute the Fisher matrix for one of these slices,
centered at redshift zi, as [93]
F
(i)
ab =
fsky
2
Voli
(2pi)3
∫ kmax
kmin
dk(2pik2)
∫ 1
−1
dµ
∂P21(k, z)
∂pa
∂P21(k, z)
∂pb[
P21(k, z) + PN21(z)
]2 , (23)
where Voli is the comoving volume of the slice, and pa = {As, ns, αs, βs}. We will then incorporate the information
from all the redshift bins by just adding the Fisher matrices, i.e.,
Fab =
∑
i
F
(i)
ab . (24)
2. EoR Results
During the EoR the spin temperature TS is coupled to the gas temperature due to the Wouthuysen-Field effect
[124–126]. Heating of the gas due to stellar formation causes the spin temperature to rise above the CMB temperature
Tγ , so the 21-cm line should be visible in emission. During this era we can write the factors in Eq. (18) as
A(z) = T 21(z) = 27.3 mK × xH TS − Tγ
TS
(
1 + z
10
)1/2
, (25)
where xH is the mean neutral-hydrogen fraction, and we can drop the temperature factor since TS  Tγ [110]. We
adopt the simplest model of reionization, in which the free-electron fraction is parametrized as [127]
xe(z) =
1 + fHe
2
[
1 + tanh
(
f(z∗)− f(z)
∆f
)]
, (26)
where fHe ≈ 0.082 is the Helium fraction, f(z) ≡ (1 + z)3/2, and ∆f = 3(1 + z∗)∆z/2. The best-fit redshift for this
model is z∗ = 8.8, with a width ∆z = 0.5 [128], although this last parameter is poorly constrained, as it has little
effect on the CMB as long as it is small.
The free-electron fraction xe will also fluctuate, giving rise to a power spectrum Px, as well as to a cross-spectrum
with density fluctuations Pδx [119, 129]. However, before reionization started there was likely a regime in which
TS  Tγ , producing 21-cm emission, albeit with a mostly neutral medium, where we can neglect the xe perturbations
[110]. We will only forecast in this regime, which we will assume extends from z = 8 to 10. Reionization could have
lasted significantly longer [128], providing additional observing volume. On the other hand, complications arising
from a nonvanishing Px and Pδx will make our simple forecast too optimistic, so it should be treated as an order-of-
magnitude estimate.
Using the Fisher matrix in Eq. (24) we can compute the 1−σ uncertainties in the primordial parameters, which
we show in Table III. Moreover, in Fig. 4 we show the uncertainties in αs and βs as a function of the baseline of
a fully-covered FFTT experiment. The sensitivity curve flattens at Dbase ≈ 3 km, corresponding to the non-linear
scale kNL, beyond which we assume no information can be extracted. The proposed FFTT, with a 1-km baseline,
should be able to detect the αs from inflation, and increased baselines will provide improved sensitivity. Nonetheless,
the smallest βs that can be measured with the FFTT is still two orders of magnitude larger than the inflationary
prediction. We label this case as FFTT, and show its predicted confidence ellipses between ns, αs, and βs in Fig. 3,
and the marginalized constraints in Table III. We again emphasize that these forecasted uncertainties are good to
an order-of-magnitude level, as we have neglected correlations with the non-primordial ΛCDM parameters. Notice
also that in Ref. [111] it was shown that HERA can improve the Planck constraint on αs by ∼ 20%, lowering it to
σ(αs) = 0.0036, so it is unlikely it will improve the S4 results significantly.
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FIG. 4: 1−σ uncertainties in αs and βs for an experiment measuring the epoch of reonization (left) and the dark ages (right)
with a dense core (fcover = 1) extending for a baseline Dbase in km. We show the slow-roll-inflation prediction for αs in gray
and for βs in red, and in dashed green we show the specifications for the proposed FFTT. In this figure we have marginalized
over As and ns to calculate σ(αs), and also over αs to compute σ(βs), and not marginalized over nuisance parameters. Here
we have chosen a pivot scale of k∗ = 0.1 Mpc−1.
3. Dark Ages Results
During the dark ages the spin temperature is coupled to the gas temperature through collisions [8]. This makes
T 21 negative, causing absorption of CMB photons at radio frequencies. The redshift range in which T 21,A < 0 is
z ∼ 20 − 200. During this range T 21, as well as A(z), including perturbations to gas temperature, can be found in
Ref. [117]. We note that the z ∼ 20 range might be contaminated by astrophysical effects, such as heating due to star
formation [130] or miniquasars [131]. In any case our results are not altered dramatically by changes in the starting
redshift.
With the same procedure as for the EoR, but over the redshift range z = 20− 100, we can compute the uncertainty
in αs, when marginalizing over As and ns, for a FFTT-like experiment. Likewise for βs, marginalizing in this case
over αs as well. We show these errors in Fig. 4, where it can be seen that an experiment with a baseline of Dbase ∼ 5
km could confirm the slow-roll prediction for αs, whereas to detect βs ∼ (1 − ns)3 one would need Dbase = O(100)
km. With the goal of detecting a non-vanishing βs we propose a 300-km perfectly covered array, which we just label
FFTT300. We show the results for this very-futuristic array in Table III.
Array σ (As) σ (ns) σ (αs) σ (βs)
FFTT 6.5× 10−13 3.3× 10−4 0.0010 0.0035
FFTT300 1.4× 10−15 4.1× 10−6 7.0× 10−6 1.2× 10−5
TABLE III: 1 − σ uncertainties in the scalar amplitude As, tilt ns, running αs, and second running βs for different 21-cm
arrays. For As, ns, and αs we only marginalize over As and ns, whereas for βs we marginalize over αs as well, and we do not
marginalize over nuisance parameters. Here we have increased the pivot scale to k∗ = 0.1 Mpc−1.
D. Combined constraints
The strength of the Fisher-matrix approach we follow is that we can easily add the information from different
experiments by summing their Fisher matrices. We take as a our baseline case the proposed S4 CMB experiment, and
in Table IV we show the minimum αs and βs observable at 1−σ when adding different combinations of experiments to
the S4 CMB. The results for CMB and galaxy surveys marginalize over all ΛCDM parameters and the bias b for αs,
and we include αs in the marginalization for βs. These results show that only very-futuristic experiments will be able
to probe the dynamics of inflation, with the S4+SKA reaching a sensitivity of σ(αs) ≈ 10−3 . (1−ns)2 Interestingly,
in all cases σ(βs) ∼ 2σ(αs), which attests to the difficulty of determining the second running.
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Experiment σ(αs) σ(βs)
S4 CMB 0.0025 0.0045
S4+WFIRST 0.0020 0.0035
S4+DESI 0.0018 0.0034
S4+SKA 8.5 ×10−4 0.0019
TABLE IV: 1 − σ uncertainties on the running αs and the second running βs for the S4 CMB experiment plus different
proposed galaxy surveys. We marginalize over the six ΛCDM parameters (plus the bias amplitude b for the galaxy surveys)
when computing σ(αs) and over αs as well for σ(βs).
In Fig. 5 we plot the 1 − σ confidence ellipses in the αs − βs plane for the S4 CMB experiment, as well as the
combination of S4+DESI, and S4+SKA. A representation of the current Planck 68% C.L. region is also shown (from
Ref. [11]), which displays a slight preference for a non-zero βs. We draw a line in the αs − βs plane above which
PBHs with masses larger than 1015 gr could be formed, calculated as in Sec. II. Comparing the ellipses in Fig. 5 with
the predictions from slow-roll inflation it is clear that departures from slow-roll behavior should be detectable in αs,
although not in βs unless they are very drastic.
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FIG. 5: 68% confidence ellipses in the αs − βs plane for the S4 CMB experiment (purple), S4+DESI (yellow), and S4+SKA
(blue). We show the current Planck ellipse from Ref. [11] in green. In gray we plot the range predicted by slow-roll single-field
inflation. The region above the dash-dotted black line could produce PBHs with masses Mpbh > 1015 gr, if extrapolated to the
smallest scales.
IV. CONCLUSIONS
In this paper we have studied how well different future observables will be able to measure the runnings of the scalar
power spectrum. A summary of our results is in Table IV. Perhaps the most promising of these future probes is the S4
CMB experiment, proposed in Ref. [70], which will be able to measure the ΛCDM parameters to astounding precision
(see Table I). This S4 CMB experiment will probe the runnings to a precision σ(αs) = 0.0025 and σ(βs) = 0.0045,
insufficient to detect the single-field slow-roll inflation prediction, although enough to measure significant departures
from it.
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We added to the S4 CMB results the information from upcoming galaxy surveys, such as WFIRST and DESI.
We find that these surveys will marginally improve the S4 measurements, reducing the error bars by at most 30%.
However, more futuristic surveys, such as a billion-object SKA, will add enough information to half the S4 CMB
uncertainties, reaching enough sensitivity to detect αs ∼ 10−3, as predicted by slow-roll inflation. Additionally, these
measurements will allow us to falsify the model for PBH production proposed in Ref. [17] with the improved βs
accuracy.
To detect the slow-roll prediction for βs, however, it will be necessary to probe many more modes, which might
be possible with the 21-cm line. The proposed FFTT, with a 1-km baseline, will not be sensitive enough to detect
βs ∼ 10−5. Only a very-futuristic and lunar-based FFTT observing at the dark ages, with a 300-km baseline, will
reach enough modes to be guaranteed a measurement of both αs and βs from inflation.
To summarize, within the next few decades the uncertainties in the runnings αs and βs will decrease by a significant
factor, as new cosmological experiments are developed and their data is analyzed. This will allow us to very-precisely
characterize the dynamics of inflation, and test deviations from the standard slow-roll scenario. Such a measurement
will be invaluable for characterizing the inflationary potential beyond the first-order slow-roll approximation, opening
a window into the first moments of the Universe.
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